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Dissipative processes in relativistic fluids are known to be important in the analyses of the hot
QCD matter created in high-energy heavy-ion collisions. In this work, I consider dissipative correc-
tions to energy and conserved charge densities, which are conventionally assumed to be vanishing but
could be finite. Causal dissipative hydrodynamics is formulated in the presence of those dissipative
currents. The relation between hydrodynamic stability and transport coefficients is discussed. I then
study their phenomenological consequences on the observables of heavy-ion collisions in numerical
simulations. It is shown that particle spectra and elliptic flow can be visibly modified.
PACS numbers: 25.75.-q, 25.75.Nq, 25.75.Ld
I. INTRODUCTION
Two decades of heavy-ion programs at Relativistic
Heavy Ion Collider (RHIC) at Brookhaven National Lab-
oratory [1–4] have established that relativistic hydrody-
namics is a powerful framework to analyze the collective
properties of the quark-gluon plasma (QGP), a QCD
matter in the deconfined phase [5]. The fact is also
confirmed at higher energies at Large Hadron Collider
(LHC) in European Organization for Nuclear Research
[6–8]. Experimental observation of large hadronic flow
harmonics, defined with the Fourier coefficients of az-
imuthal momentum distribution [9, 10], are considered
to be an evidence for the existence of the nearly-perfect
QGP fluid. The precision analyses in the past ten years
have revealed that they are much better described with
the help of viscosity [11], which takes account of the devi-
ation of the system from local thermal equilibrium [12].
Sophisticated versions of the relativistic dissipative hy-
drodynamic models have been analytically and numer-
ically solved and used as a quantitative and dynamical
description of the hot and dense QCD matter, for which
first principle calculations may have difficulties.
Of different types of dissipative currents, shear stress
tensor piµν , which is the response to deformation of the
target system, is the first to be introduced to the heavy-
ion phenomenology [13–16] because it is non-vanishing in
the conformal limit and a fairly large contribution is ex-
pected in heavy-ion systems where its shape is deformed
very rapidly. Bulk pressure Π, which is the response to
expansion and compression, is the next to be recognized
[17–19], as even though it is vanishing in the conformal
limit it can be as large as shear viscosity in the vicin-
ity of quark-hadron crossover owing to the broken scale
invariance [20]. This is expected to have a visible effect
at freeze-out, where hydrodynamic flow is converted into
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particles [17, 21]. It has been established that those vis-
cous corrections are essential for the quantitative under-
standing of experimental data [22]. Baryon diffusion V µB ,
which is the response to the gradient in the fugacity, is be-
ginning to attract attention [23–25] because baryon-rich
matter is expected to be produced in the Beam Energy
Scan program at RHIC.
The tensor decompositions of the off-equilibrium
energy-momentum tensor δT µν and conserved charge
current δNµJ leads to dissipative currents w = δT
µνuµuν
and vJ = δN
µ
J uµ, which can be interpreted at the linear
order as the responses to changes of inverse temperature
and fugacity of the J-th conserved charge, respectively.
They are conventionally set to be vanishing using the so-
called Landau matching conditions [26], which are intro-
duced to make use of the equation of state for closing the
hydrodynamic set of equations. However, this might not
be a strong motivation to neglect those dissipative quan-
tities because their constitutive equations can be derived
and the system can still be uniquely solved by calculat-
ing equilibrium energy density for the equation of state.
The matching conditions are also argued from the view-
point of thermodynamic stability [27], but it is not clear if
non-vanishing first-order derivatives of the entropy den-
sity with respect to dissipative currents imply instabil-
ity because the dissipative currents are not macroscopic
variables that can be determined from the fields of flow,
temperature and chemical potential at given times. The
microscopic origin of the Landau matching condition has
not been sufficiently discussed so far except for the one
based on the renormalization group technique [28–30].
A generalized version of the matching condition and fi-
nite corrections to the energy and number densities are
discussed in Ref. [31–34]. The dissipative correction to
the energy density is also argued from the viewpoint of
causality at non-linear order when the fluid is coupled to
gravity [35]. It would thus be important to investigate
theoretical and phenomenological consequences of those
dissipative quantities and to see if they would cause in-
stability by keeping those variables finite and performing
2extended analytical and numerical analyses. It is note-
worthy that conservation laws can still be imposed to
the system and are not affected by the presence of those
dissipative currents.
In this paper, I study the effects of off-equilibrium
corrections to energy and charge densities in a rela-
tivistic fluid analytically and numerically. The paper
is organized as follows. In Sec. II, I discuss relativis-
tic dissipative hydrodynamics with off-equilibrium en-
ergy and charge densities. The second-order constitu-
tive equations are derived and then investigated theoret-
ically. Sec. III is devoted to the numerical estimations
of the effects of those dissipative currents in a system
of ultrarelativistic heavy-ion collision. Discussion and
conclusions are presented in Sec. IV. The natural unit
c = ~ = kB = 1 and the mostly-minus Minkowski metric
gµν = diag(+,−,−,−) are used throughout this paper.
II. RELATIVISTIC DISSIPATIVE
HYDRODYNAMICS
I discuss theoretical formulation of causal and stable
relativistic hydrodynamics in the presence of dissipative
processes including the off-equilibrium corrections to en-
ergy and net charge densities. The Israel-Stewart-type
second order theory is employed for the derivation of
the dissipative hydrodynamic equations of motion for
isotropic media [26, 27].
A. Equations of Motion
Energy-momentum tensor and net charge currents are
the conserved quantities in a standard hydrodynamic sys-
tem. In the absence of dissipative processes, they are de-
scribed by the energy density e, the hydrostatic pressure
P and the conserved charge densities nJ (J = 1, ..., N)
when tensor decomposition is performed with respect to
the flow uµ. On the other hand, the off-equilibrium cor-
rections δT µν and δNµJ introduce 10+4N additional vari-
ables corresponding to to the number of unknowns in the
respective tensors. The decomposition thus reads
T µν = (e+ w)uµuν − (P +Π)∆µν
+Wµuν +W νuµ + piµν , (1)
NµJ = (nJ + vJ )u
µ + V µJ , (2)
where the bulk pressure Π, the energy dissipation current
Wµ, the shear stress tensor piµν , and the charge diffusion
currents V µJ are the conventional dissipative currents. w
and vJ are the off-equilibrium corrections to the energy
and the charge densities. ∆µν = gµν−uµuν is the projec-
tion operator for the space-like components. Note that
the condition δT µµ = 0, if imposed, still leaves room for
Π = w/3 6= 0 that is non-vanishing.
Energy-momentum conservation ∂µT
µν = 0 and
charge conservations ∂µN
µ
J = 0 provide 4 +N equations
of motion. In addition to the equation of state, one needs
constitutive equations to determine the off-equilibrium
quantities. They are usually derived from the law of in-
creasing entropy ∂µs
µ ≥ 0. Relativistic Navier-Stokes
equations are obtained at the lowest order in the expan-
sion of sµ in terms of the dissipative quantities. How-
ever, they are known to permit superluminal transmis-
sion of information and also have unstable modes [36, 37].
See Refs. [38–44] for further related discussions. In this
study, I employ the Israel-Stewart prescription and intro-
duce the second-order terms to the constitutive equations
assuming the Grad momentum expansion of the phase-
space distribution following Refs. [26, 27]. By keeping w
and v, the full second-order constitutive relations for the
scalar dissipative processes are:
w = ζwwD
1
T
− ζwvDµJ
T
+ ζwΠ
1
T
∇µuµ
− τwDw − τwvJDvJ − τwΠDΠ
+ χaJwwwD
µJ
T
+ χbwwwD
1
T
+ χcwww∇µuµ
+ χaJwΠΠD
µJ
T
+ χbwΠΠD
1
T
+ χcwΠΠ∇µuµ
+ χaKwvJvJD
µK
T
+ χbwvJvJD
1
T
+ χcwvJvJ∇µuµ
+ χaJwWWµ∇µ
µJ
T
+ χbwWWµ∇µ
1
T
+ χcwWWµDu
µ + χdwW∇µWµ
+ χaKwVJV
J
µ ∇µ
µK
T
+ χbwVJV
J
µ ∇µ
1
T
+ χcwVJV
J
µ Du
µ + χdwVJ∇µV Jµ
+ χwpipiµν∇〈µuν〉, (3)
Π = −ζΠΠ 1
T
∇µuµ − ζΠwD 1
T
+ ζΠvD
µJ
T
− τΠDΠ− τΠwDw − τΠvJDvJ
+ χaJΠwwD
µJ
T
+ χbΠwwD
1
T
+ χcΠww∇µuµ
+ χaJΠΠΠD
µJ
T
+ χbΠΠΠD
1
T
+ χcΠΠΠ∇µuµ
+ χaKΠvJ vJD
µK
T
+ χbΠvJvJD
1
T
+ χcΠvJvJ∇µuµ
+ χaJΠWWµ∇µ
µJ
T
+ χbΠWWµ∇µ
1
T
+ χcΠWWµDu
µ + χdΠW∇µWµ
+ χaKΠVJV
J
µ ∇µ
µK
T
+ χbΠVJV
J
µ ∇µ
1
T
+ χcΠVJV
J
µ Du
µ + χdΠVJ∇µV Jµ
+ χΠpipiµν∇〈µuν〉, (4)
3vJ = −ζvJvKD
µK
T
+ ζvJΠ
1
T
∇µuµ + ζvJwD
1
T
− τvJvKDvK − τvJΠDΠ− τvJwDw
+ χaKvJwwD
µK
T
+ χbvJwwD
1
T
+ χcvJww∇µuµ
+ χaKvJΠΠD
µK
T
+ χbvJΠΠD
1
T
+ χcvJΠΠ∇µuµ
+ χaLvJvKvKD
µL
T
+ χbvJvKvKD
1
T
+ χcvJvKvK∇µuµ
+ χaKvJWWµ∇µ
µK
T
+ χbvJWWµ∇µ
1
T
+ χcvJWWµDu
µ + χdvJW∇µWµ
+ χaLvJVKV
K
µ ∇µ
µL
T
+ χbvJVKV
K
µ ∇µ
1
T
+ χcvJVKV
K
µ Du
µ + χdvJVK∇µV Kµ
+ χvJpipiµν∇〈µuν〉, (5)
where the summation symbols over J , K, and L are ab-
breviated. ζ’s are the linear transport coefficients, τ ’s
are the relaxation times, and χ’s are the second order
transport coefficients. The derivatives are defined as
D = uµ∂µ and ∇µ = ∂µ − uµD which in global equilib-
rium correspond to the time- and the space-derivatives.
It is note-worthy that the time-like derivatives of the
three dissipative quantities are present in each equation,
implying that one should take an appropriate linear com-
bination of the equations for efficient numerical estima-
tions. One may argue that some of the thermodynamic
forces can be combined using conservation laws. While
such would be helpful in numerical evaluations and will
be discussed in Sec. II B, here they are kept to distin-
guish diagonal and off-diagonal transport coefficients and
to make their physical meanings clearer. The Onsager
reciprocal relations [45, 46] imply ζAB = ζBA where
A,B = Π, w, and vJ . It should be noted that the re-
lations are satisfied in the second order hydrodynamics
considered here [27] but in general can break down in the
systems with external magnetic fields or rotation where
reversibility of macroscopic motion is not present. At
the first order, the bulk pressure is the response to the
change of volume and the corresponding transport coef-
ficient ζΠΠ has to be semi-positive. The off-equilibrium
corrections to the energy and conserved charges densities
are the responses to the changes of inverse temperature
and fugacities so ζww and ζvJvJ are also semi-positive.
The off-diagonal linear transport coefficients can be neg-
ative but the transport coefficient matrix should be semi-
positive definite.
A natural question would be whether the dissipative
quantities w and vJ themselves, not just their thermo-
dynamic forces, can be absorbed into the bulk pressure
Π using thermodynamic relations. In general cases this
is not possible because the relaxation-type equations are
dependent on initial conditions and cannot be na¨ıvely
combined. Also they appear in different terms in the
conservation laws since the former is the correction to
the energy/conserved charge densities while the latter is
the correction to the pressure. In general cases, e, P ,
and nJ are non-linearly related through the equation of
state. It should be noted that the dissipative quantities
w and vJ cannot be absorbed into e and nJ by the frame
choice either because the number of degrees of freedom
of the flow is 3 and it is used up by that of Wµ or V µJ .
The flow is defined as T µνuν = (e+w)u
µ in the Landau
frame and NµJ = (nJ + vJ )u
µ in the Eckart frame. Here
the direction of the flow uµ, or the local rest frame, is
not directly changed by the presence of w or vJ .
Stability and causality of the relativistic hydrodynamic
theory is discussed in detail in Appendix A. This is im-
portant partly because the time-like derivatives in ther-
modynamic forces could cause instability. The causality
condition is satisfied when the relaxation times τΠ, τw,
and τv are sufficiently large compared with the linear
transport coefficients. The stability condition is found to
be related to the positivity of entropy production.
B. Linear Transport Coefficients
For simplicity, I consider a system where net baryon
number is the conserved charge. There are three linear
transport coefficients for each dissipative quantity. One
can combine them and define effective transport coeffi-
cients as,
Π = −ζΠ∇µuµ +O(δ2), (6)
w = ζw∇µuµ +O(δ2), (7)
v = ζv∇µuµ +O(δ2), (8)
where 
ζΠζw
ζv

 = 1
T
Za, (9)
with the transport coefficient matrix
Z =

ζΠΠ ζΠw ζΠvζwΠ ζww ζwv
ζvΠ ζvw ζvv

 , (10)
and an auxiliary vector
a =

 1(∂P
∂e
)nB
( ∂P
∂nB
)e

 , (11)
using the hydrodynamic identities that are derived from
the conservation laws and the Gibbs-Duhem relation
dP = sdT + nBdµB which represents the first law of
thermodynamics [47],
D
1
T
=
(
∂P
∂e
)
nB
1
T
∇µuµ +O(δ2), (12)
D
µB
T
= −
(
∂P
∂nB
)
e
1
T
∇µuµ +O(δ2). (13)
4The relations are truncated at the first order because
it is sufficient for the discussion of the linear transport
coefficients here.
So far there are very few quantitative studies on the
coefficients for w and v, let alone the cross coefficients, in
a QCD system. Here I approach the issue in the following
way. A gauge-gravity correspondence analysis suggests
the lower limit of the bulk viscosity is ζΠ = 2(1/3− c2s)η
[48], which can be recovered when ζΠw = −3ζΠΠ and
ζΠv = [nB/(e + P )]ζΠw where η is the shear viscosity.
Note that the sound velocity is expressed as
c2s =
(
∂P
∂e
)
nB
+
nB
e+ P
(
∂P
∂nB
)
e
. (14)
Keeping in mind that the conjectured lower boundary is
η/s = 1/4pi [49] and replacing the entropy density with
the enthalpy over temperature at finite density, one may
use for demonstration the parametrizations
ζΠ = CΠ
(
1
3
− c2s
)
e+ P
4piT
, (15)
ζw = Cw
(
1
3
− c2s
)
e+ P
4piT
, (16)
ζv = Cv
(
1
3
− c2s
)
nB
4piT
, (17)
where CΠ, Cw and Cv are dimensionless factors. Since
the entropy production has to be semi-positive, in the ab-
sence of vector and tensor dissipative currents the trans-
port coefficients are subject to the following constraint
at the linear order:
∂µs
µ = wD
1
T
−Π 1
T
∇µuµ − vDµB
T
=
[
ζw
(
∂P
∂e
)
nB
+ ζΠ + ζv
(
∂P
∂nB
)
e
]
× 1
T
(∇µuµ)2 ≥ 0, (18)
where sµ is the entropy current. This is equivalent to
the condition that the transport coefficient matrix (10) is
semi-positive definite because the sum of effective trans-
port coefficients can be expressed in a quadratic form as
Z ≡ ζw
(
∂P
∂e
)
nB
+ ζΠ + ζv
(
∂P
∂nB
)
e
= aTZa, (19)
using Eqs. (6)-(11). It can also be shown that this con-
dition is equivalent to the hydrodynamic stability con-
dition obtained through linear perturbation analyses at
the first order (Appendix A). It should be noted that the
effective transport coefficients ζw and ζv can be negative
unlike the orthogonal ones ζww and ζvv. Several values
of the factors are used to demonstrate the interplay of
those dissipative processes in Sec. III.
III. NUMERICAL ANALYSES OF HEAVY-ION
COLLISIONS
In this section, I study the effects of the off-equilibrium
corrections to the energy and the baryon number densi-
ties on heavy-ion observables in numerical estimations.
The (2+1)-dimensional boost-invariant hydrodynamic
model is employed [50]. The equation of state is based on
hadron resonance gas model and lattice QCD estimations
[51–53]. The Monte-Carlo Glauber model is used to con-
struct initial conditions. For the demonstrative nature
of the present study, the initial conditions are smoothed
over by taking average over events. The normalization
of energy distribution is determined so that the identi-
fied particle spectra of Au-Au collisions at
√
sNN = 200
GeV [54] are reproduced after resonance decays in the
most central collisions. The baryon number distribution
is normalized so that the s/nB ratio is fixed to 420 [55].
The events of 20-30% centralities are considered. The ini-
tial time for hydrodynamic evolution is τth = 0.4 fm/c.
The resonance decays are treated as in Ref. [56]. Full
comparison to the experimental data and detailed tun-
ing of the transport coefficients are beyond the scope of
this study and will be discussed elsewhere.
Bulk viscosity is implemented but shear viscosity and
baryon diffusion are not because Curie’s theorem im-
plies that only scalar dissipative currents are mixed at
the linear order in an isotropic system. Since the afore-
mentioned gauge-gravity correspondence approach con-
jectures that lower boundary is CΠ = 2 [48], the first
order transport coefficients are parametrically chosen as
in Eqs. (15)-(17) with (CΠ, Cw, Cv) = (2, 0, 0), (2,±6, 0),
and (2,±6,±6). Note that negative effective transport
coefficients are allowed as long as they satisfy the condi-
tion of semi-positive entropy production (18). For sim-
plicity, the second order transport coefficients are set to
vanishing, i.e., χAB = τAB = 0 (A,B = Π, w, and v)
except for the diagonal relaxation times. There has been
very few study on those relaxation times so they are sim-
ply assumed to be τΠ = τw = τv = τR where τR is taken
from the bulk viscous relaxation time in Ref. [57].
It has been known that the effect of off-equilibrium
corrections appears in particle spectra not only through
the modification of flow profile but also through the dis-
torted phase space distribution at freeze-out used in the
Cooper-Frye formula [58, 59],
dNi
d2pTdyp
=
gi
(2pi)3
∫
Σ
pµi (f
0
i + δfi), (20)
where pT is the transverse momentum, yp is the rapidity,
gi is the degeneracy, f
0
i is the equilibrium distribution,
and δfi is the off-equilibrium correction to the distri-
bution. The freeze-out energy density ef = 0.14 GeV
is used for determining the hypersurface Σ. It roughly
translates into T = 0.14 GeV at the vanishing chemical
potential. The form of δfi is based on Ref. [21, 27]. The
details are summarized in Appendix B.
5x (fm)
-8 -6 -4 -2 0 2 4 6 8
)
-
3
 
(fm
sη
dx
dy
d
τ
dS
/
0
1
2
3
4
5
6
7
8
9
=5 fm/cτ =0w=0, CΠC
=6
w
=2, CΠC
=0
w
=2, CΠC
=-6
w
=2, CΠC
FIG. 1. (Color online) The entropy distribution at y = ηs =
0 at τ = 5 fm/c for the ideal fluid (solid line) and for the
dissipative fluids with (CΠ, Cw) = (2, 6) (dotted line), (2, 0)
(dashed line), and (2,−6) (dash-dotted line). Cv is set to
vanishing.
A. Hydrodynamic Evolution
First, the space time evolution of entropy distribution
is investigated. The entropy density in an off-equilibrium
system is given as s = s · u = s0 + (w − µBv)/T neglect-
ing the higher order corrections. Note that Π does not
appear explicitly in the expression. Figure 1 shows the
entropy distribution on the y = ηs = 0 plane at τ = 5
fm/c with (CΠ, Cw, Cv) = (2, 0, 0), (2,±6, 0). The initial
conditions are the same for all cases. One can see that
the pure effect of bulk viscosity enhances the entropy
distribution as is well known. The positive w, which fol-
lows from the positive Cw, also enhances the distribution
through entropy production, as expected from Eq. (18).
The negative w reduces the entropy distribution, but de-
tailed analyses shows that the overall entropy production
is still positive. With this specific choice of transport
coefficients, the dissipative effects are almost cancelled
because (∂P/∂e)nB ∼ c2s ∼ 1/3 at small baryon number
density in Eq. (18). The cancellation is slightly weak in
the peripheral regions in Fig. 1 because the QCD sound
velocity is slowed down near the crossover.
The effect of the correction to the baryon number den-
sity is also estimated numerically using the parameter
sets (CΠ, Cw, Cv) = (2,±6,±6). It is found to be negligi-
ble at the top RHIC energies because of the small baryon
density in the system. Its effect at lower beam energies
is an interesting topic and and is left for future studies.
B. pT Spectra
The particle spectra of positive pions at midrapidity
after resonance decays are shown without and with the
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FIG. 2. (Color online) pT spectra of pi
+ (a) without and (b)
with δf correction for the ideal fluid (solid line) and for the
dissipative fluids with (CΠ, Cw) = (2, 6) (dotted line), (2, 0)
(dashed line), and (2,−6) (dash-dotted line). Cv is set to
vanishing.
δf corrections at freeze-out (20) in Fig. 2 (a) and (b),
respectively. The ideal hydrodynamic result is compared
with the dissipative hydrodynamic ones with the bulk
viscosity and energy density correction. The coefficients
(CΠ, Cw, Cv) = (2, 0, 0), (2,±6, 0), (2,±6,±6) are used
for the numerical estimations but the finite Cv results
are not shown as its effect is negligible for the current
choice of parameters. The transverse momentum range
0 ≤ pT ≤ 2 GeV is shown because the results would not
be reliable when the effects of the δf correction, which
is based on momentum expansion, is too large at higher
pT . Here the correction is truncated if |δf/f0| > 0.9 to
avoid overestimation.
The results in Fig. 2 (a) shows that the dissipative ef-
fects are small without the δf correction, but more quan-
titative analyses indicate that bulk viscosity enhances the
particle number and reduce the mean pT via modification
6of the hydrodynamic flow. It can be shown, on the other
hand, that the positive energy density correction with
Cw = 6 further reduces the mean pT spectrum by 4.4%
but reduces the number of particles by 2.5%. This ap-
parent discrepancy between the reduced particle number
and positive entropy production is caused by the lack of
the δf correction at freeze-out. Figure 2 (b) shows that
the positive energy density correction is shown to reduce
mean pT by 1.6% and increase the number of particles
by 2%, which is qualitatively similar to the bulk viscos-
ity, when the δf corrections are properly handled. The
trend is reversed for the negative energy density correc-
tion with Cw = −6 and partial cancellation of the effects
of the two types of dissipative quantities can be found,
as has been the case in Fig. 1.
The entropy production caused by the dissipative pro-
cesses is checked to be positive. It should be noted that
δf correction must be taken into account to correctly un-
derstand the entropy production caused by the correction
to the energy density w because it is non-vanishing at the
linear order perturbation of sµ unlike the bulk pressure
Π. Also the increase of the entropy does not necessarily
mean the increase of the particle number because if the
modified distribution tends to produce more heavier par-
ticles and less light ones, the total particle number could
be lowered while the entropy is increased. The effects of
resonance decays thus become more important.
pT spectra for kaons and protons are also calculated
and the dissipative corrections are found to have similar
effects on the particle spectra to those on the pionic ones.
The numbers of pions, kaons and protons are all enhanced
after resonance decays.
C. Elliptic Flow
Finally, I study the hadronic elliptic flow v2. The dif-
ferential elliptic flow coefficient is estimated as
v2(pT , yp) =
∫
dφp cos[2(φp −Ψ)] dNdφppT dpT dyp∫
dφp
dN
dφppT dpT dyp
. (21)
where φp is the azimuthal angle in momentum space and
Ψ is the event plane angle.
v2 of positive pions at yp = 0 are shown in Fig. 3 for the
ideal and the dissipative cases. Fig. 3 (a) shows that the
elliptic flow is not much effected but is slightly reduced
by the bulk viscosity and also by the correction to the
energy density for the positive Cw without the δf correc-
tion. Figure 3 (b) illustrates that the off-equilibrium dis-
tribution enhances the elliptic flow for both cases above
around pT ∼ 0.7 GeV. The enhancement of v2 by the
correction to the energy density and the bulk viscosity
in the full estimation may be attributed to the reduction
of mean pT [21, 60]. Further numerical estimations show
that the enhancement effect is also found in kaons and
protons. The effect of the energy density correction with
the negative Cw again is found to partially cancel with
that of the bulk viscosity.
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FIG. 3. (Color online) Differential elliptic flow v2(pT ) of pi
+
(a) without and (b) with δf correction for the ideal fluid (solid
line) and for the dissipative fluids with (CΠ, Cw) = (2, 6) (dot-
ted line), (2, 0) (dashed line), and (2,−6) (dash-dotted line).
Cv is set to vanishing.
IV. DISCUSSION AND CONCLUSIONS
I have investigated the possible off-equilibrium cor-
rections to the energy and the conserved charge densi-
ties, which follow from the straight forward derivation of
Israel-Stewart-type relativistic dissipative hydrodynamic
equations. They are conventionally put to vanishing for
the Landau matching conditions, but they could be mod-
ified by redefining the local equilibrium. Those dissipa-
tive quantities are described by constitutive equations
similar to that of the bulk viscosity, but they cannot be
mathematically merged as they appear in different terms
of the conservation laws. The transport coefficients are
constrained by the condition of positive entropy produc-
tion. The condition is also shown to be equivalent to the
hydrodynamic stability condition at the first order.
Numerical estimations are performed to understand
7the phenomenological consequences of the corrections to
the energy and baryon number densities in ultrarelativis-
tic nuclear collisions with a set of transport coefficients
motivated by the conjectured lower boundary for bulk
viscosity [48]. I have developed a (2+1)-dimensional dis-
sipative hydrodynamic code that can estimate the newly
introduced dissipative currents. Instability is not ob-
served during hydrodynamic evolution for the transport
coefficients that satisfy the condition of positive entropy
production. The entropy distribution is found to be en-
hanced by the correction to the energy density with a
positive effective coefficient ζw > 0. The first order dis-
sipative correction to the entropy density has to be ex-
plicitly considered. It is found that the effect of the en-
ergy density correction with a negative effective coeffi-
cient ζw < 0 and that of the bulk viscosity can partially
cancel out. The effect of the correction to the baryon
number density is also estimated and is found to be small
at
√
sNN = 200 GeV for the investigated values of ζv.
The particle spectra of positive pions, kaons and pro-
tons are then estimated. It is important to take into con-
sideration the off-equilibrium corrections to the phase-
space distribution at freeze-out even for the qualitative
understanding of those observables because the energy
density correction, unlike the bulk viscosity, appears at
the first order in the expansion of the entropy density
around equilibrium. Thus one loses entropy by neglect-
ing the distortion of distribution. Numerical estimation
indicates that the number of particles is enhanced and
the mean pT is reduced by the correction to the energy
density when the δf correction and hadronic decays are
taken into account. It is note-worthy that there is an
on-going debate on the form of the off-equilibrium distri-
bution [17, 19, 21, 61–63].
The differential elliptic flow is estimated and is found
to be increased by the energy density correction except
near very small pT . This is similar to the case of bulk
viscosity. It implies that the existence of off-equilibrium
correction to the energy density would interfere with the
extraction of bulk viscous coefficient from the experimen-
tal data, because its would be difficult to distinguish the
effects of the two types of dissipative currents.
Future prospects include numerical estimation of the
effects of dissipative correction to the baryon number
density in the systems with higher baryon chemical po-
tential for the Beam Energy Scan program at RHIC. Also
it is important to theoretically establish the formulation
of causal dissipative relativistic hydrodynamics to under-
stand what those types of dissipative quantities mean
and if they should be allowed. It has been shown that
they would not cause hydrodynamic nor numerical insta-
bilities in this work, but further investigation would be
required. Finally, it might be necessary to find exper-
imental observables that are sensitive to the difference
between the effects of bulk viscosity and energy density
correction for better understanding of the transport phe-
nomena in a QCD matter. Electromagnetic probes could
be used for the purpose since their emission rates are ex-
pected to be dependent on the dissipative corrections to
the phase-space distribution functions.
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Appendix A: HYDRODYNAMIC STABILITY
AND CAUSALITY
I investigate hydrodynamic stability and causality of
the system with off-equilibrium corrections following the
method of Ref. [37, 64, 65]. Here I focus on the scalar
dissipative quantities in Landau frame and set aside the
energy dissipation Wµ, the charge diffusion V µ, and the
shear stress tensor piµν . The macroscopic variables can
be separated into global equilibrium and perturbation
components as Q = Qeq + δQ. The dissipative currents
are vanishing in global equilibrium so the terms that in-
volve weq, Πeq, and veq vanish. The perturbation of the
conserving quantities up to the first order in δQ then
reads
δT µν = (eeq + P eq)(δuµuνeq + u
µ
eqδu
ν)
+ (δe+ δw)uµequ
ν
eq − (δP + δΠ)gµν , (A1)
δNµ = neqδuµ + (δn+ δv)uµeq. (A2)
Similarly, one can consider the perturbation of the
second-order constitutive equations. They are expressed
as
δw = ζw∇µδuµ − τwDδw − τwΠDδΠ− τwvDδv, (A3)
δΠ = −ζΠ∇µδuµ − τwΠDδw − τΠDδΠ− τΠvDδv,
(A4)
δv = ζw∇µδuµ − τwvDδw − τΠvDδΠ− τvDδv. (A5)
Here I consider a plane-wave deviation from equilib-
rium δQ = δQ¯ei(ωt−kx) where δQ¯ is independent of the
space-time coordinates. Keeping in mind that uµeq =
(1, 0, 0, 0), the perturbed equations of motion involving
the target dissipative quantities can be expressed in a
matrix form as:
Mxx


δe
δn
δux
δw
δΠ
δv

 = 0, (A6)
where the matrix is explicitly expressed as
8Mxx =


iω 0 −ik(e+ P ) iω 0 0
−ik(∂P
∂e
)n −ik(∂P∂n )e iω(e+ P ) 0 −ik 0
0 iω −ikn 0 0 iω
0 0 ikζw 1 + iωτw iωτΠw iωτwv
0 0 −ikζΠ iωτΠw 1 + iωτΠ iωτΠv
0 0 ikζv iωτwv iωτΠv 1 + iωτv

 . (A7)
The subscript for global equilibrium is abbreviated. Here
the equations for the longitudinal modes are considered
because the scalar dissipative currents do not appear in
those for the transverse modes.
The equations have non-trivial solutions if the deter-
minant of the matrix is vanishing, det(Mxx) = 0. The
system is unstable when the imaginary part of ω is nega-
tive since that is the indication of a growing mode. Thus
the stability condition can be written here as
Im(ω) ≥ 0. (A8)
The causality condition, on the other hand, can be ex-
pressed that the group velocity does not exceed unity:∣∣∣∣∂Re(ω)∂k
∣∣∣∣ ≤ 1. (A9)
1. First Order Theory
It is generally very complicated to solve those equa-
tions completely analytically. In the first order limit
where τw, τΠ, τv, τΠw, τΠv, τwv → 0, the exact solutions
are ω = 0 and
ω =
i
2(e+ P )
[k2Z ±
√
k4Z2 − 4k2(e + P )2c2s],(A10)
where
Z =
(
∂P
∂e
)
n
ζw + ζΠ +
(
∂P
∂n
)
e
ζv. (A11)
Here the expression of the sound velocity (14) is used.
The imaginary part of Eq. (A10) is semi-positive when
Z ≥ 0. It is note-worthy that this condition is equivalent
to the condition of positive entropy production (18). On
the other hand, the group velocity can exceed unity for
sufficiently large k, implying the necessity of introducing
second order theory. The details can be found in Sec. A 2.
2. Second Order Theory
The dispersion relation for the second order theory can
be written from det(Mxx) = 0 as, aside from the trivial
ω = 0,
ω2 − c2sk2 =
iωk2
(e+ P )
× ζΠTwTv + (
∂P
∂e
)nζwTΠTv + (
∂P
∂n
)eζvTΠTw
TΠTwTv
,
(A12)
where
TΠ = 1 + iτΠω, (A13)
Tw = 1 + iτwω, (A14)
Tv = 1 + iτvω, (A15)
when the cross relaxation times τΠw , τΠv, and τwv are
neglected. Since there is no simple analytic solution to
the quintic equation, I first focus on the off-equilibrium
correction to the energy density. The equation reduces
to
ω2 − c2sk2 =
iωk2(∂P
∂e
)nζw
(e + P )(1 + iτwω)
. (A16)
This is the same dispersion relation as the one for bulk
viscosity with ζΠ and τΠ [64, 65] substituted by (
∂P
∂e
)nζw
and τw, respectively. The exact solutions can be obtained
analogously. Physical insights can be obtained by consid-
ering asymptotic forms for large and small k. For large
k, they read
ω = ±k
√
c2s +
(∂P
∂e
)nζw
τw(e + P )
+
i(∂P
∂e
)nζw
2τw[(
∂P
∂e
)nζw + c2sτw(e + P )]
, (A17)
which are propagating modes, and
ω =
ic2s(e + P )
(∂P
∂e
)nζw + c2sτw(e+ P )
, (A18)
which is a non-propagating mode. On the other hand,
for small k the propagating modes are
ω = ±kcs +
i(∂P
∂e
)nζwk
2
2(e+ P )
, (A19)
and the non-propagating mode is
ω =
i
τw
. (A20)
The maximum group velocity of the propagating mode
is given as
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ =
√
c2s +
(∂P
∂e
)nζw
τw(e + P )
, (A21)
since (∂P
∂e
)nζw ≥ 0 from the law of increasing entropy.
The condition of causality can be satisfied for a suffi-
ciently large relaxation time τw ≥ (∂P∂e )nζw/[(e+ P )(1−
9c2s)]. The velocity diverges in the first order limit τw → 0.
It is note-worthy that there is an argument that the re-
gion of superluminal propagation can already be out of
the range of hydrodynamic applicability [41].
The imaginary part of ω stays semi-positive, i.e., the
system is stable if (∂P
∂e
)nζw ≥ 0, which is also the condi-
tion of the positive entropy production.
Next the effect of off-equilibrium correction to the con-
served charge density is investigated. The non-trivial dis-
persion relation leads to
ω2 − c2sk2 =
iωk2(∂P
∂n
)eζn
(e+ P )(1 + iτvω)
. (A22)
As one can immediately see, this is a substitution of
(∂P
∂e
)nζw and τw by (
∂P
∂n
)eζv and τv, respectively. The
group velocity is
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ =
√
c2s +
(∂P
∂n
)eζv
τv(e+ P )
, (A23)
which should again be smaller than unity. The stability
condition is given as (∂P
∂n
)eζv ≥ 0.
Finally, when the three dissipative processes are
present, the expression becomes much complicated. If
one employs the simple relaxation time approximation
τR = τΠ = τw = τv, then the dispersion relation is
ω2 − c2sk2 =
iωk2Z
(e + P )(1 + iτRω)
, (A24)
which leads to∣∣∣∣∂Re(ω)∂k
∣∣∣∣ =
√
c2s +
Z
τR(e+ P )
. (A25)
The stability condition is satisfied when Z ≥ 0. The re-
sults implies that the condition of positive entropy pro-
duction is closely related with the hydrodynamic stability
of the system.
Appendix B: OFF-EQUILIBRIUM PHASE-SPACE
DISTRIBUTION
The dissipative corrections to the distribution δf i of
the i-th particle species can be determined using the
Grad moment method and the self-consistency condition
that the modified distribution leads to the correct off-
equilibrium energy-momentum tensor and the net baryon
number in kinetic theory [21, 26, 27]. The off-equilibrium
component of the phase-space distribution is
δf i = −f i0(1 ± f i0){bipµi (Dww +DΠΠ+Dvv)uµ
+ pµi p
ν
i [(Bww +BΠΠ+Bvv)∆µν
+ (B˜ww + B˜ΠΠ+ B˜vv)uµuν ]}+O(δ2), (B1)
where the sign is positive for bosons and negative for
fermions. The explicit expressions of the coefficients are
DΠ = 3(J40J
B
31 − J41JB30)J −13 , (B2)
BΠ = (J
B
30J
B
30 − J40JBB20 )J −13 , (B3)
B˜Π = 3(J41J
BB
20 − JB30JB31)J −13 , (B4)
Dw = (3J41J
B
31 − 5J42JB30)J −13 , (B5)
Bw = (J
B
30J
B
31 − J41JBB20 )J −13 , (B6)
B˜w = (5J42J
BB
20 − 3JB31JB31)J −13 , (B7)
Dv = (5J42J40 − 3J41J41)J −13 , (B8)
Bv = (J41J
B
30 − J40JB31)J −13 , (B9)
B˜v = (3J41J
B
31 − 5J42JB30)J−13 , (B10)
where
J3 = 5J42JB30JB30 + 3JB31J40JB31 + 3J41J41JBB20
− 3JB31J41JB30 − 3J41JB30JB31 − 5J42J40JBB20 .(B11)
The index B denotes the presence of baryon number bi
in the definition of the moment
JB...Bkl =
1
(2l + 1)!!
∑
i
∫
(bi...bi)d
3p
(2pi)3Ei
× [m2i − (p · u)2]l(p · u)k−2lf i0(1 ± f i0).(B12)
Here it is defined for k > 2l and the summation is over
all the components in the system.
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